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Analytic results are presented for the probability of detecting an electron neutrino after passage
through a resonant oscillation region. If the electron neutrino is produced far above the resonance
density, this probability is simply given by <P"¢) = sin%0y + P, cos26,, where 0 is the vacuum mix-

ing angle. The probability is averaged over the production as well as the detection positions of the
neutrino and P, is the Landau-Zener transition probability between adiabatic states. Finally, this
result is applied to resonance oscillations within the solar interior.

PACS numbers: 96.60.Kx, 12.15.Ff, 14.60.Gh

Recently Mikheyev and Smirnov! and Bethe? have
revived interest in the solar-neutrino deficit by dem-
onstrating that electron neutrinos produced in the sun
can be efficiently rotated into muon neutrinos by pas-
sage through a resonant oscillation region. This
mechanism may solve the solar-neutrino puzzle. In
this paper, I present an analytic result for the probabil-
ity of detecting an electron neutrino after passage
through one or more resonant oscillation regions.
This result is then used to show the regions of parame-
ter space, the difference of the squared masses versus
the vacuum mixing angle, for which the solar-neutrino
puzzle is solved.

A neutrino state is assumed to be a linear combina-
tion of the two flavor states |v,) and lv“) :

vty =Co(Dlv,) + C(Dlv,). (1

AO Sin290

|G —Agc0s20y+~2GgN
Yl T2 Agsin28

where Ag=(mf —m{)/2k, my, are the neutrino |

masses, k is the neutrino momentum, 6, is the vacu-
um mixing angle, N is number density of electrons,
and Gf is the Fermi constant. The constraints Ay > 0
and 0y < /4 are assumed. At an electron density, N,
the matter mass eigenstates are

lvi,N) =cosbylv,) — sinOva,,.) ,

lvy,N) =sinfylv,) +cosbylv,),
which have eigenvalues +Ap/2, where

Ayn=[(Agc0s20)—2GEN)? + Adsin?26,1V2, (4)
and 6 y satisfies

Ay sin28 y = Ay sin26,. (5
These states evolve in time by the multiplication of a

(3

AO COSZOO - \/?GF

If the neutrinos are massive, then the mass eigenstates
need not be identical to the flavor eigenstates, so that
the Dirac equation which governs the evolution of the
neutrino state is not necessarily diagonal in the flavor
basis. This leads to the well known phenomena of
vacuum neutrino oscillations. In the presence of
matter, the nondiagonal nature of this evolution is fur-
ther enhanced by coherent forward scattering which
can lead to resonant neutrino oscillations. Wolfen-
stein® has derived the Dirac equation for this process,
in the ultrarelativistic limit, in terms of the vacuum
mass eigenstates. Here, I use his result, in the flavor
basis, after discarding a term proportional to the iden-
tity matrix, as this term only contributes an overall

phase factor to the state |v,r). The resulting
Schrédinger-type wave equation is
’ 2
C, ¢))

phase factor, if the electron density is a constant. For
such a constant density there are three regions of
interest: (i) Well below resonance, ~2GgN
<< Agcos26,, where the matter mixing angle is
6 ~ 09 and the oscillation length is Lo=2m/Ay. Typi-
cally, this is the region that the electron neutrinos are
detected in. (ii) At resonance, V2GgN = Acos26,,
where the matter mixing angle is 8y =m/4 and the
resonant oscillation length is Lz = Ly/sin26,, which
for small vacuum mixing angle can be many times the
vacuum oscillation length. (iii) Far above resonance,
V2GgN >> Agcos260,, where the matter mixing angle
Oy —m/2, and the oscillation length Ly=2w/Ay is
much smaller than the vacuum oscillation length L.
For the situation of current interest the electron neu-
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trinos are produced above resonance, pass through res- Therefore, it is convenient to use these states, as the
onance, and are detected in the vacuum. basis states, in the region for which there are no transi-

If the electron density varies slowly, the states which tions (away from the resonance region). As a neutrino
evolve independently in time (the adiabatic states) are goes through resonance these adiabatic states may be

(i f’A v N mixed, but on the other side of resonance, the neutri-
expl— iy v d) v, N(D)) no state can still be written as a linear combination of
and these states. That is, a basis state produced at time ¢,
, ! ing through resonance at time ¢, and detected at
xp(+it | Ayd)lvy, N(D). gomng 1 . r
exp(+ i3 f vl ) | time ¢ is described by

t ’ ’
exp(— ié—ft’AN dt)lvy,N(0)) — a,exp(— i%ft' Aydt)|v,N(1r')) +azexp(+i;—f‘r Andt) vy, N(t)),

t ’ ’
exp( + i;—f‘rAN @) vy, N(D) — — a3 exp(— it f,,' Ay dD) v N()) +af exp(+ i [ Ay dD) vy, N(1)),

where a, and a, are complex numbers such that |a;|>+ |a,|>=1. The relationship between the coefficients, for
these two basis states, is due to the special nature of the wave equation, Eq. (2). The phase factors have been
chosen so that coefficients @, and a, are characteristics of the transitions at resonance and are not related to the
production and detection of the neutrino state.

Hence, the amplitude for producing, at time ¢, and detecting, at time ¢, an electron neutrino after passage
through resonance is

Al(t)exp(—i%f,' Ay dt)+A2(t)exp(+i;—f" Ay dt),
where

t t
Al(t)=cosHo[alcosl9Nexp(+i;—f' Ay dt) — aj sinf yexp(— ’;‘f, Ay dt)],

t t
A,(1) =sinfyla; cosd y exp(+ %f’ Ay dt) + ai sinf y exp( — I;-j; Ay dt)].
Thus the probability of detecting this neutrino as an electron neutrino is given by
P, (1) =141(DP+14,() P +2]4,() Ay (Dlcos( [ Ay di+ Q)

with Q =arg(A4{4;). After averaging over the detection position, the detection averaged probability is given by

t
P, ()= ++ 5 (a1*=|ay|*)cos28 y c0s20 — | a, a,|sin26 cos290cos(ftr Ay di + o)

with w=arg(a,a;). The last term shows that the |

phase of the neutrino oscillation at the point the neu- Similar calculations can also be performed for the
trino enters resonance can substantially affect this case of double resonance crossing (neutrinos from the
probability. Therefore, we must also average over the far side of the sun). Here we must average not only
production position to obtain the fully averaged proba-  over the production and detection positions of the
bility of detecting an electron neutrino as neutrino but also over the separation between reso-
(P, ) =++ (5 — P,)cos26 y cos28,, (6) nances. This sensitivity to the separation of the reso-

€ nances can be understood as the effect of the phase of

where P, =|a,|?, the probability of transition from  the oscillation as the neutrino enters the second reso-
lvi,N) to |vy,N) (or vice versa) during resonance nance region. The fully averaged probability of detect-
crossing. The adiabatic case is trivially obtained by  ing an electron neutrino is the same as Eq. (6) with P,
setting P,=0. Also, if the electron neutrinos are pro- replaced by Py,(1—P,,) + (1—P,,)P,, (the classical

duced at a density much greater than the resonance

¢ probability result). Therefore, the generalization to
density, so that cos26 y ~— — 1, then

any number of resonance regions, suitably averaged, is

(P, ) =sin%0y+ Py cos26,. (7)  obvious. B
€ To calculate the probability P,, I make the approxi-
Thus for small 8, the probability is just equal to the mation that the density of electrons varies linearly in
probability of level crossing during resonance passage. the transition region. That is, a Taylor-series expan-
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sion is made about the resonance position and the
second- and higher-derivative terms are discarded;

N()=N(t)+ (t—1)dN/atls,. (8)

In this approximation the probability of transition
between adiabatic states was calculated by Landau and
Zenner.’ This is achieved by solving the Schrédinger
equation, Eq. (2), exactly in this limit. The solution is
in terms of Weber (parabolic cylinder) functions. Ap-
plication of the Landau-Zenner result to the current
situation gives

T sin2200 Ay

Pe=exp| = 5 o520, T(I/N)YaN/dtls, | ®

This expression, together with Eq. (6), are the main
analytical results of this paper and demonstrate that
only the electron number density, at production, and
the logarithmic derivative of this density, at resonance,
determine the probability of detecting an electron neu-
trino in the vacuum. It should be emphasized here
that this result assumes that the neutrino state is pro-
duced before significant transitions take place and thus
Eq. (9) is not valid for neutrinos produced in the tran-
sition region.

From Eq. (9) the size of the transition region can be
determined. There are significant transitions (P,
> 0.01) if 6y < 0, where 0, satisfies

1 dN

sin20., . 1

€020 ;¢ Ay

Hence, the maximum separation between the eigen-
states for which transitions take place is Agsin26 ;.
Therefore, the transition region is defined by

Ay < Apsin26,,. a11)

This can only happen if 8y < 0. In this transition re-
gion, the maximum variation of the electron number
density from the resonant value is +8 N, where

3N/ N(¢)=sin20;.
Thus, the size of the transition region is

sin20 .,

=il = Tm anyal,

This is the maximum |¢—¢| for which the linear ap-
proximation must be good, so that Eq. (9) gives a
reasonable estimate of the probability of crossing. For
an exponential density profile, the Taylor-series ex-
pansion is an expansion in sin26;,, so that for small
0. this is an excellent approximation.

For the sun, the density profile is exponential except
for the region near the center. In Fig. 1, I have plotted
the probability contours for detection of an electron
neutrino at the Earth in the Ay/v2GgN, vs sin2,
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FIG. 1. Probability-contour plot for detecting an electron
neutrino at the Earth which was produced in the solar inte-
rior.

plane for an exponential density profile. N, is the
electron number density at the point at which the elec-
tron neutrinos are produced. This plot depends only
on the properties of the sun and this dependency is
only through the combination R;N,, where R; is the
scale height. For Fig. 1, I have used an N, corre-
sponding to a density of 140 g/cm® and Y¥,=0.7. The
scale height R; is 0.092 times the radius of the sun.

Above the line Ay/~2GgN,=1/cos26,, the neutri-
nos never cross the resonance density on their way out
of the sun. Here, the probability of detecting an elec-
tron neutrino is close to the standard neutrino-
oscillation result. Below this line, the effects of pass-
ing through resonance come into play. Inside the 0.1
contour, there is only a small probability of transitions
between the adiabatic states as the neutrino passes
through resonance. To the right-hand side of this con-
tour, the probability of detecting a neutrino grows, not
because of transitions, but because both adiabatic
states have a substantial mixture of electron neutrino
at zero density. To the left-hand side and below this
contour, the probability grows because here there are
significant transitions between the adiabatic states as
the neutrino crosses resonance. The diagonal lines of
these contours have slope of —2 because of the form
of P,. It is only the intercept of these lines which
depends on the product RgN,. Therefore, if one
wishes to change the production density, which is held
fixed in this plot, only these lines need to be shifted.
In fact, a line labeled with P, ‘‘crosses” A¢/~/2GgN,
=1 when a small 6 satisfies

sin?28,  —+2InP,
cos20p 7GRN,

(12)
Note that I find the probability of detecting an electron

1277



VOLUME 57, NUMBER 10

PHYSICAL REVIEW LETTERS

8 SEPTEMBER 1986

neutrino, which crosses resonance, to be greater than
0.25 when 6, < 0.01.

This isoprobability plot can easily be converted into
an approximate iso-SNU (solar neutrino units) plot for
the Davis et al. experiment.® The predicted result for
this experiment’ is 6 SNU, with 4.3 SNU coming from
the 3B neutrinos and 1.6 SNU from the lower-energy
neutrinos (pep, 'Be, >N, and '*0), whereas Davis et
al. observe 2.1 £0.3 SNU. Roughly speaking, the 2
SNU contour, in the m# — m vs sin26, log-log plot,
will be a triangle, similar to the 0.3 contour of Fig. 1,
with rounded corners. The three straight sections of
this triangle are approximately given below. The hor-
izontal line is given by choosing the parameters so that
all the low-energy neutrinos and only 12% of the !B
neutrinos are observed. This gives the constraints ob-
tained by Bethe,?

m} —mf =~8x107°% eV2,

13
0.03 < sin26, < 0.6. 13
For the vertical line, the probability of detecting an
electron neutrino is nearly independent of energy, if
1 > A¢/v2GgN, > 1073, Therefore, we need to re-
duce all neutrinos by 30%.* This is achieved when

8x107 8 eVi< mi —mf <1x107°eV?,

sin20,~0.9. (14)

For the diagonal line, we need to arrange that the
Davis experiment only observed 50% of the ®B neutri-
nos and none of the lower-energy neutrinos.®? This is
achieved when the probability for the mean ®B neutri-
no, weighted by the detector cross section (energy
~10 MeV), is 0.5. This gives the following con-

1278

straint:
(m# — mi )sin?26y~=3x 1078 eV?,
0.03 < sin28, < 0.6. )

To summarize, Egs. (13)-(15) give regions of param-
eter space for which the expected result from the
Davis experiment is ~ 2 SNU.

Since the proposed gallium experiment observes
lower-energy neutrinos, from the pp process, these
three regions will be distinguishable by use of the
results of this experiment. More precise iso-SNU
plots, for both experiments, are being generated taking
into account the production energy and production po-
sition distributions of the neutrinos from the various
processes within the solar interior.
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